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SOMARY

Calculations were made to determine the influence of changes in
temperature distribution and in elastic material properties on cal-
culated elastlc stresses for a tynical gas-turbine disk.

Severe temperature gradienta caused thermal stresses of suffi-
cient magnitude to reducs the operating safety of the disk. Small
temperature gradients were found to be desirable because they yilelded
thermal stresses that subtracted from the centrifugal stresses in the
reglon of the rim. The thermal gradients produced a tendency for a
severe stress condition to exist near the rim but this stress condi-
tion could be shifted away from the region of bucket attachment by
altering the temperature distribution.

The investigation.of elastic material properties showed that
centrifugal stresses are slightly affected by changes in modulus of
elasticity, but that thermal stresses are approximately proportional
%o modulus of elasticity and to coefficient of thermal expansion.
Where thermal stresses are important, it would be Cesirable to use
materials with low moduli of elastlcity and low coefficlents of
expansion. Deslgn calculations for diske to be operated at elevated
témperatures would require accurate data on the values of these
properties at all temperatures encountered in order that accurate
calculations could be made. Centrifugal tangential stresses at the
rim were decreased by increases in Poisson's ratio but the effect of
changes in Poisson's ratioc on the total stresses was small. Elevated-
temperature measurements of Poisson's ratioc would not, therefore, be
eggential for disk-stress celculations,

INTRODUCTION

Gas-turbine disks are normally operated at such high temperatures
that the materials used ars at a low-strength level. The hot gases
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contact the blades and the rim of the turbline rotor and thus maintain
the rim at a high temperature. Various ccoling methods have besn used
bo reduce the temperature of the disk, but becauee the rim is always
in contact with hot-gases, it remains at the high temperature whereas
cooling decreases the temperature of the central portion of the rotor
and thus increases the tempersture gradients. These gradienls are
gources of thermal stresses that caunse the stress distributions in
gas-turbine disks to differ widely from those encountersed in steam
turbines, as steam turbines are mainly sublected to centrifugal
gtresses with small tempersture gradiente. An snalysie of the types
of gtress to be expected In aircreft gas turbines requires a consid-
ervation both of the centrifugel stresses and of the stresses resulting
from tempereture gradiente. h ’

In order to Iinvestigate the net effects of superposed thermal and
. centrifugal mtresses, a number of arbltrarily selected cooling condi-
tions were assumed tc exist In a typical disk and the corresponding
thermal and centrifugal stresses were calculated. The margin of
safely was determined by algebraically adding the centrifugal and
thermal stresses preasent at any polnt and comparing the resulting
stress ptate with the rupbure strength of the materiai at the temper-
ature of the point. Thie comparison of the strength of the materiasl
with stress conditions was considered tc afford an indication of the
relatlve desirabllity of various temperature dietributions.

Elastlc properties of materials such as Polassen's ratlio, modulus
of elasticlty, and coefficlent of thermsl expanslon vary with tempcr-
ature. Alrcraft gas turbines are usually operated with o radlal
variation of temperature in the disk. Accurate streses calculations
would therefore require accurate data on the elastic properties of
materials at all operating temperatures and a methed of stress
calculations would have to be used that would account for the point-
to-point variation of material properties Iin a disk. In order to
dstermine which rroperties significantly affect the stresses Iin gas-
turbine disks and to detexmine the types of effect that result from
varying thsse properties, calculations of centrifugal and thermal
stresses were made for a wide variatlon of values of elastic constanis.
The calculations, which were made at.the NACA Cleveland laboratory,
were facilitated by a method (reference 1)} that ie especially adapted
to diske in which there are point-to-point variations of proflls,
temperature, and meterial properties.

ASSUMPTIONS AND METHOD OF ANALYSIS

Centrifugal stresses were calculated for a rotative speed of
11,000 rpm. The disk profile used in all calculations is shown in
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figures that are thg results of stress computations, In calculating
the influence of changes in radial temmerature distridution, the
agsumption was made that no axial stresses or temperasture gradients
are present. (Axial stresses and temperature gradilents would be
expected in disks that are cooled on one side.) - '

It was assumed that the radial temperature distributian could be
represented by a function of the form

T = arn +b

whore
r radius ; T
T temperaturs at radius r

a, b, n constents determinsd by assumed bemperature distribution

This functional relation between temmersture and radius was chosen as
a convenient method of repressenting anticipated tempsrature distribu-
tions. Temperature measurements could nrove other types of function
to be more appropriate to mparticular turbines.

Centrifugal siresses were calculated on the assumption that the
mean redial stress at the rim due to bucket loading is a tenslle strsss
of 8500 pounds per square inch., This value was obtained by dividing
the total cemtrifugal force at the root of the blades by the total
rim perisheral area. Temperature distribution in the buckets was
assumed to have no influence on the digk thermal stresses and the
radial thermal stress was assimed to be zero at the rim.

The method of streses celculation used is given in reference 1.
It is g finite-difference method that permits calculahion of the
atresses present In disks in which temperature, tricknecsz, modulus of
elasticity, Poilsson's ratio, and coefficient of expars.on are varied
in an arbitrary manner. In order to calculate only centrifugal
stresses, the coefficient of thermal expanslon was set equal to zero;
to calculate only thermal stresses, the angular velocity was set equal
to zero., The total stresses were found t¥y algebraically adding the
centrifugal and the thermal stresses.

Becausse alrcraft power plaunits are required to operate under
gsevers condltlons for only short periode of time (such as '
during starting and take-off), the 2-hour rupture strength was
arbltrarily chosen as a criterion of the capacity of a material to
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withatand the stresses of.alrcraft gas-turbine disks. The 2-hour
rupture strength 1s the value of unlaxial tensile stress that will
cause failure of & tensile teat specimen in 2 hours at a definlte
temperature. The high-temperature portion of figure 1 is a plot of
2-hour stress-rupture values taken from figure 46 of reference 2; the
low-temperature portion of the figure was obtalned by passing a smooth
curve through the elevated-temperature points and a room-temperature
point (107,000 1b/sq in.), which was teken from the tensile-strength
curve of figure 44 of reference 2. The disk stresses are biaxisl;
hence, comparlson of the severity of astresses at a polnt in a disk
with the stress-rupture value for the corresponding temperature
requires the use of a single quantity that represents the biaxial
stress state. For this purpose, an "equivalent tensile stress," which
is defined by the derivation given in the appendix, was calculated
from the maximum-shear-strein-energy theory of failure. The excess

of a stress-rupture value over the equivalent tensile stress is called
the margin of safety. This gquantity, which was calculated on the
assumption that the disk remains perfectly elastic, provides a means
of comparing the stress condltions at various points of the disk and
also provides e qualitatlive means of studying the net effect of
chenges in temperature distribution. Calculation of the margin of
safety using elastic stresses is not a method of estimating fallure
conditions because a disk, which is locally overstressed, will yield
plastically and so relieve the high stregses caused by stress concen-
tration.

EFFECTS OF TEMPERATURE DISTRIBUTION

In order to investigate the manner in which stresses depend on
temperature distribution, a variety of arbitrarily selected temperature
distributions (fig. 2) were assumed and the corresponding stresses were
calculated.

Typlcal Stress Diatribution

A qualitative presentation of the radial varlation of components
of centrifugal and thermal stresses, total stresses, equivalent tensile
stresses, 2-hour rupture strength, and margin of safety is shown for
a typical disk in figure 3. The data for this illustration of the
menner in which the components of stress combine were calculated for
the temperature distribution of figure 2(a) with n equal to 2. The
convention of congidering tensile stresses positlve and compressive
stresses negative has been followed. Figure 3(a) shows that the cen-
trifugal stresses are all tensile but the thermal tangentlal stress
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takes on large compressive values. Because the tangential thermal

and centrifugal stresses at the rim are of opposite sign, the total
tangential stress at the rim is smaller than the thermal siress alomns.
The two stress systems have been added in figure 3(b) and it is seen
that & net tangential compressive stress exists in the region of the
rim. Figure 3(c) shows the equivalent tensile stress for the cen-
trifugal stresses and for the total stress system. The 2Z2-hour stress-
rupture values correspondling to the assumed temperatures are also
shown. Figure 3(d) shows the corresponding margin of safety. The

low margin of safety at the rim is due to the presence of resultant
compressive stresses. IExcessive values of such stresses often czuse
plastic flow of the disk rim during engine operation and when the
disk cools a system of tensile streasses is set up that can cause rim
cracking. Because such cracks usually progress rather slowly, serious
trouble from this source can,in most cases,be forestalled by removal
of the wheel from service. The thermal and centrifugal stresses are
both tensile at the center; In the event that these stresses become
excesgsive, a sudden rupture of the rotor would probably occur. Disks
are therefores usually designed to have a larger margin of safety at
the center than at the rim.

Effect of Changing Temperature Distribution

The margins of safety that correspond to the several temperature
distributions of figure 2(a) are shown in figure 4. The margin of
safety at the center is large and increases as n 1is increased but,
as the temperature gradients in the region of the rim are increased
by increasing n, +the margin of safety at the rim is reduced. Fig-
ure 5 shows curves of the equivalent tensile stresses and of the
marging of safety that correspond to the temperaturs distributions
of figure 2(d). In general, the reduced thermal stresses decrease
the equivalent tenslle stresses as the temperature of the disk center
18 raised; hcwever, the stress at the rim is higher for a center tenm-
persture of 1200° F than for a center temperature of 1000° F. The
tangential centrifugal and thermal stresses are of opposite sign and,
for the temperature distribution corresponding to a center temperature
of 1200° F, there 1s no thexrmal stress to reduce the effect of the
centrifugal stress; therefore, the equivalent tensile asiress at the
rim for a center temperature of 1000° F 1s lower than that for a
center temperature of 1200° F. Figure 5(b) shows & different order of
desirability of center temperatures from that which would be expected
from figure 5(a) when the center of the wheel 1s considered. This
difference exists because low center temperatures ralse the material
gtrength at the center and thus influence the margin of safety. These
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results show the’t the margin of salety at any polnt is affected by
temperature distribution In two ways; that 1s, the thermal stresses
and the strength of the material are affected by changes in temper-
ature.

Control of the Siress Distribution by Adjustment
of the Temperature Distribution

The attachment of buckets to the disk rim usually lncreases the
local streamses., It 1s therefore desirable to have the centrifugal
forces and thermal gradlents produce low siresses in the region of the
rim., If the turbine is so designed that hot gases are in contact with
a large part of the rim, & uniform temperature region at the rim would
be expected as 1s illustrated by figures 2(b) and 2(c). In figure 8(a),
which shows the effect of a constant tempsrature near the rim, are
plotted the tangential thermal stresses that accompany the temperature
distributions of figures 2(a), 2(b), and 2{c) with n equal to 2.
Figure 6(b), which is a plot of the corresponding margins of safety
when all thermal and centrifugel streosses ars considered, shows that
the position of minimum margin of safety can be shifted by changing
the temperature distribution. One method of changing the temperature
distribution would be to relocaste the seal between the cooling alr and
the hot games. Another method would be to alter the supply of cooling
air. In this manner, it is possidble to shift the peak of stress due
to temperature gradient away from the rim. The stress concentration
Pactor caused by the method of buckel attachmen’ would hen apply to
lower nominal stresses.

INFLUENCE OF ELASTIC CONSTANTS

Calculations of centrifugal snd thermal stresses were made for
several assumed varlations in elastlc properties to indicate the
changes that can be made in disk stresses by altering material proper-
ties and to show the effect on stress calculations of making the
simplifying assumption that the elastic properties dc not vary with
temperature. Because the centrifugal-stress calculatlons were based
on a bucket stress at the rim of 8500 pounds per square inch, this
value of radlal centrifugal stress exists at the rim for all the cal-
culations. In conformity with the assumed conditions, the radial
thermal etress le zero at the rim for all variations In elastic prop-
erties., For a solid disk, the radial and tangential stresses are
equal at the center. For all the calculations made to investigate the
effects of changes in elastic properties, critical conditlions were
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Tound to occur only at the rim and at the center, and the responss of
the stresses to changes in elastic properties may therefore be observed
by consideration of only the tangential stresses at the center and at
the rim. All calculations made to show the effects of change in slasgtic
congtants were based on the temperature dlstribution of figure 2(a)

with n equal to 2. . .

Modulus of Elasticity

The influence of modulus of elasticity on centrifugal and thermsal
gtregses was Investigated for assumed relations between modulus of
elasticity and temperature, as shown in figure 7. Line Db approxi-
mates the actual variation of meodulus of elasticity of a typical heat-
resisting alloy in the temperature range shown. Centrifugal-stress
calculations were made for the relations represented by lines a, b,
and ¢ of figure 7(a) to show the effect of a change in slope of the
modulus-temperature characteristic. The relaition of the btangential
centrifugal stress to the slove of these lines is shown by figure 8(a).
It is seon that a calculation, which makes no allowance for the slope
of the modulus of elasticity-temperaturs curve, would yisld rim
stregses slightly higher than the correct values, but the center
stresses would be approximately correct.

As shown in the appendix, any calculation of centrifugal stresses
with the assumption that the modulus of elasticity does not vary with
temperature gives results that are independent of the modulus of
elasticity. Calculation of centrifugal stiosses were made for the
relations represented by lines b, f, and g of figure 7(c) to show the
effect of a shift in level of the modulus-temperature characteristic
at a given slope. The effects on stresses are shown in figure 8(b);
for a glven slops, the center and the rim centrifugal siresses are
negligibly affected by the level of the modulus of elagtliclty. h

Lines a, b, and c of figure 7(a) show assumed rslations between
elastic modulus and temperature in which the averags valus of the
modulus 18 constant but the slope of the curve is changed. The effect
on thermal siresses of such change is shown by figure 8(c); a thermal-
stress calculation, which assumes a constant modulus equal to the
average of the actual-moduli across the disk, would yleld correct
center stresses but the magnitude of the rim stresses would be signi-
ficantly increased. The influence of level of the modulus of elasticity
on thermal stresses was investigated for the relations represented by
lines ¢, 4, and e of figure T(b). The result is shown in figure 8(d)
where the thermsl stresses are directly proportional to the megnitude
of elastic modulus.
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Coefficient of Thermel Expansion

The asgumed relations between coefficient of thermal expaneion
and temperature, which were used in investigating tbe influence of
this coefficlent on thermal atresses, are given in figure 9. Line b
represents the actual values of a typlcal heat-resisting slloy.

Lines a, b, and ¢ of figure 9(a) show agsmed relations between coef-
Ficlent and temperature in which the glope varies but the average
value remains constant., The effect of this type of variation on the
calculated stresses is shown in figure 1Q(a), where it is seen that &
calculation of thermal stress, which neglects the variatlon of coef-
ficent of expansion with temperature, ylelds stresses slightly lower
than the correct values. The sets of the values represented by

lines c, 4, and e of figure 9(b) were used to determine the effect

of magnitude of the coefficlent when it does not vary with temperaturs.
Figure 10(b) shows that the thermal stresses are diréctly proportional
to the level of coefficient. The sets of values represented by

lines b, f, and g of figure 9(c) were used to determine the effect of
magnitude of coefficient of expansion when the coefficient of
expanslion-~-temperature characteristics have a given slope. TFigure 10(Db)
shows that a linear relation exists betwsen the level of the coef-
Piclent and the stresses.

Polsson's Retlo

Calculations of thermal and centrifugal stresses were also made
for values of Poisson's ratio of 0.2, 0.3, and 0.5. Most heat-
resisting alloys have a value of Poisson's ratlo at room temperature
of approximetely 0.3. At elevated temperatures a material approaches
the plastic condition and, according to the theory of plasticity,
Poisson's ratio for the fully plastic state would be 0.5 (reference 3,
p. 79). Thus, the rangs of 0.2 to 0.5 covers all values of Poisson's
retio that may be expected to occur, 3

A change in the value of Poisson's ratio from 0.2 to 0.5 decreased
the btengential centrifugal stresa at the rim by 22 percent and the
thermal stress at the rim by 1.4 percent and increased the net or
total stress at the rim by 6 percent. For disks in which thermal
stresses are predominant, the precise evaluation of Poisson's ratlo is
therefore unimportant.

CONCLUSIONS

Calculations based on the assumption of perfect elasticity have
led to the following gqualitative conclusions concerning the influence
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of temperature gradients and elastic properties on stress conditions
in aircraft gas-turbine disks:

1. Severe temperature gradients caused tlermal stresses of
sufficient magnitude to reduce the overating safety ‘of the disk.
Attemvts to increase the streagth of the material by cooling the
center oi' a disk might reduce the margin of safety as a result of
the thermal stresses set up. '

2. Small temnerature gradients were deslrable because they
created thermal stresses that subtracted frcem the centrifusal stresses
in the region of the rim. Center stresses were increased by the small
temperature gradients. . . - - —--

3. Thermal gradlente produced a tendency for the meximum stress
to exist near the rim. By altering tks teuperature distridbution, the
positicn of this maximun strese covld be shifted away from the rim.

A stress-concentration factor caused by the method of bucket atbach-
ment would then apnply to lower nominal stressses. -

4. Centrifugal stresses were glightly affected by changes in the
relation betweelu moduius of elasticlty and temmerature. The thermal
stresses wers approximetely prorortional to the coefflcient of expan-
sion and to the modulus of elasticity. Because the effects of therual
atresses are likely to predominate, 1%t 1s desirable that the modulus
of elasticlty and ccefficient of thermal expansinn be small. Design
calculations require accurate data on elastic modulus and cocefficient
of thermal expansion over the temperature ranges encountered,

S. A change in Poilsson's ratio from 0.2 to 0.5 decreased the
centrifugal tangeatial stresses at the rim but increased the total
stresses by a negligible amount. Elevated-temperature measurements
of Poisson's ratio were therefore considered to be of small value for
calculations of gas-turbine-disk stresses.

Flight Propulsion Research ILaboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio -
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APPENDIX - MATHEMATICAL ANALYSES

Symhols -
A meximum shear-strain energy, in.-lb/cu in.
B modulus of elasticity, 1b/sq ixy.
G modulus of rigldity, Ib/sq in.
h axial thickneas of disk, in.
r digk radius, in.
8 equivalent tensile stress, 1b/sq in.
= stress margin of asafety, lb/sq in.
84 tensile test stress, 1b/sq in.

81, 8, 8z Dprincipal stresses, 1b/sq in. _

AT difference between temperature of disk and temperature
at zero thermal etress, ©

a mean coefficient of thermal expansion (in./in.)/°F
1) Poisson's ratvio, 0.3

P mass density of disk material, 1b secz/in.4

Cp total radial stress, lb/sq in.

Oy, total tangential stress, 1b/sg in.

® . angular velocity, radians/sec

Equivalent Tensile Stress

The maximum shear-strain energy is considered tc be the index of
the severity of the stress state in a high-temperature rotating disk.
This quantity is given in reference 3 (p. 73) as

A= T%E [ksl - 32)2 + (8g — 83)2 + (B3 — sl)%l (1)
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In a rotating disk, 0, and Oy are principal stresses while the
axial stress is zero, so at any point '

1 [, - 2 2 2
A=~l—2-§[(0r_-0.b) + Oy +0r]_ (2)

The stress s in a tenslle specimen is uniaxial; the substitution in
equation (1) of 8 = 87 and 83 = 85 = 0 gives

A = g (267) (3) .

The uniaxiel tensile stress, which is equivalent to the blaxial stress
in a rotating disk, is now defined by equating these two values of
maximum shear-gtrain energy. Thus

1 .2 2 2 o
12 "TéE lv(Ur Ut) +_O't +0'I-,J _ | (4)

oxr

8 = ./crz — 0,0y + Oy (5)

Then, inasmuch &s 8, 18 the stress-rupture valus of a disk material
at a temperature corresponding to the temperature in & disk at a point
where the state of stress is being evaluated, the margin of safety

8pm 1s defined as

8p = 8g ™ 8 (8)

Effect of Constant Modulus of Elasticity
on Centrifugal Stresses

The equilibrium equation (7) and the compatibility equation (8)
are given in reference 1.

g; (rho,) -~ hoy + pu? e =0 _'(7)

a 'G.b\ a (!J-Gr a (l + 0“)(0'1. - Gt)
a;(E—)“a? T:f)*a‘f(m)‘ Tr =0 (&)
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Equation (7) contains no terms that involve the modulus of elasticity.’
In equation (8), the substitution of o = 0 and a constent value of
modulus of elasticity establishes that the centrifugal stresses are
not influenced by the magnitude of. any constant modulus of elastlicity
because it cancels out of the compatibility equation and is nct
involved either in the equilibrium equation or in the boundary con-
ditions. : - : -
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stresses,
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Flgure 8. — Effect of varying modull of elasticity as shown In tlgure 7
on tangent lal stresses at center and rim of turbine disk, Speed, 11,000
rpm; bucket loading at rim, 8500 pounds per square inch; center tempera—
ture, 600° F; rim temperature, [200° F; temperature distribution given by
T=ar"+b; n=2. -
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Figure 9. - Assumed relat ions between coefficlient of thermal expansion and temperature
for calculations of thermal stresses.
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Figure 10, — Effect of varying coefficlents of expansion as shown in figure 9
on tangential stress at center and at rim of turbine disk. Speed, 11,000
rpm; bucket loading at rim, 8500 pounds per square inch; center temperature,
600° F; rim temperature, 1200° F; temperature distribution given by
T=ar"+b; n=2,



